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Almtract--The problem of transforming a class of time-varying multivariable control system to the 
controllable and observable block companion forms is considered in this paper. The non-singular 
transformation matrices for obtaining the block companion forms are found in terms of the controllability 
and observability matrices and the conditions for the existence of such transformations is stated. 
1. INTRODUCTION 
The transformation f linear systems to canonical forms has been an active area of research in 
control engineering for a number of years due to their easy adaptation to the problems of pole 
placement, observer designs, decoupling, exact model matching, etc. [1-3]. In the case of 
time-invariant systems, the methods for transforming to canonical forms is well known and 
documented [1-8] for both SISO and MIMO systems. Though there has been a lot of early work 
and tutorial study on the controllability, observability and stability properties of time-varying 
systems [9-14], relatively few papers [11-14] have dealt with the canonical transformations of such 
systems. Silverman's [11] method for transforming a SISO time-varying system to its phase-variable 
canonical form involved the determination f the entries of phase-variable matrix for obtaining 
the transformation matrix. Seal and Stubberud [12] considered the transformation f MIMO 
time-varying systems into a certain canonical form. For time-invariant systems, Shieh and Tsay 
[4] have developed a method to construct similarity transformations fortransforming MIMO state 
equations in arbitrary coordinates into block companion forms. A similar idea is used here for 
obtaining the non-singular t ansformations fortransforming a time-varying MIMO system into its 
respective block companion forms. The existence of such transformations is based on the uniform 
controllability and uniform observability of the system. 
2. TRANSFORMATION TO CONTROLLABLE BLOCK COMPANION FORM 
Consider a linear time-varying system 
)?(t) = A(t) X(t) + B(t) u(t) (la) 
and 
y(t) = C(t) X(t), (lb) 
where A(t), B(t) and C(t) are n x n, n x m and p x n time-variable matrices, respectively. X(t), 
u(t) and y(t) are the n, m and p dimensional state, control and ouput vectors, respectively. We 
assume that the coefficient matrices are continuously differentiable and the matrices B(t) and C(t) 
have full rank, m and p, respectively. The n x mn controllability matrix LT(t) of the system (1) is 
471 
472 
represented by [1, 9] 
where 
and 
Definition I [9] 
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Q(t )  = [Qt(t)Q2(t) . . . Q,_, (t)Qn(t)], (2a) 
Q,(t) = B(t )  (2b) 
Q,+l(t)= A( t )Q , ( t ) -~ , , ( t ) ,  i=  l , . . . ,n  - l. (2c) 
The system (1) is uniformly controllable on [to, tf] if the rank of the controllability matrix ~(t )  
is n for all t in [to, t:]. 
Definition 2 
The controllability index r of system (1) is defined to be the smallest positive integer such that 
rank Lf(t)= rank Q(t )= n, where Q~(t) are as defined in expressions (2) and Q(t )= [Ql(t), 
Q2(t) . . . .  ,Qr(t)], r ~<n. 
The desirable controllable block companion form is chosen as follows: 
Xc(t) = Ac(t )X, ( t )  + Be(t ) u(t) 
and 
where 
y ( t )= Cc(t)X~(t), 
A~(t) = 
Om l~  0m -..  0m 
o,. or` L - "  o~ 
• : : ".. • 
om or` Or. " Om 







-Aq(t )  
Be(t)=[0,, 0m 0r`...0r` I~ T (3d) 
and 
Cc(t )=[Co(t  ) Co_,(t ) Cc,_2(t)...C~2(t) Cc,(t)] (3e) 
are time-variable matrices with the same dimensions as A (t), B(t)  and C(t), respectively. Ac, (t) 
and C,,(t), i = 1 , . . . ,  r are time-variable block elements of dimensions m × m and p x m, 
respectively, where r = n/m is assumed to be an integer, lm and 0r` are m x m identity and null 
matrices, respectively. The superscript T in equation (3d) designates the transpose. The non- 
singular transformation which transforms the coordinates X(t )  in system (1) into Xc(t) in 
expressions (3) is defined as 
where 
X~(t) = Tc(t)X(t) ,  (4a) 
TAt) = [ r~( t ) r~2( t ) .  T •" Tc,(t)] (4b) 
Tc,(t) = Br~(t)Q -1(0 (4c) 
T~k(t ) = T~k_t(t)A(t)+ J'~k_,(t), k = 2 . . . .  , r, (4(t) 
Tc,(t),  i = 1 . . . . .  r, are the m x n time-variable block vectors. To derive Tc(t) in equation (4b), we 
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proceed as follows. The relationship between the triplets (Ac(t), B~(t), C~(t)) in expressions (2) and 
(A (t), B(t), C(t)) in system (1) can be obtained by using expressions (4) in expressions (3), and 
is as shown below 
and 
A~(t) = Tc(t) A (t) T~-'(t) + ~c(t) T~-l(t), (5a) 
B~(t) = T~(t)B(t) (5b) 
C~(t) = C(t) T~-' (t). (5c) 
In the following development, we drop the time-varying parameter t within parentheses for 
simplicity. Substituting A~ of equation (3c) and T~ of equation (4b) into equation (5a) and 
expanding the resulting matrix equation yields the following recursive relations: 
T~ = Tck_, A + T~k-,, k = 2 . . . . .  r, (6a) 
and 
-A~T~, - A~,_~T~2 . . . . .  Ac2Tcr_, - Ac, T~, = T~, + T~A. (6b) 
From equation (5b), we obtain 
T~B=Om, i= l  . . . . .  r - l ,  (7a) 
and 
Tc B = Ira. (7b) 
From equations (2a) and (2b), we get 
Q2 = AQ, - ~ = AB - [L (8a) 
Substituting for Tc2 from equation (6a) into equation (7a) and using equation (Sa), we obtain 
7"c~Q2 + Tc,[~ + T~,B = 0m (8b) 
which is equivalent to 
Tc,Q~ = On,, (8c) 
since TcB =Om from equation (7a). Relations imilar to equation (8c) can be easily derived for T~, 
with other Qi. These are arranged in a vector form as follows: 
" T~,Q,  " -Om-]  
T~,Q2 0ml 
TctQ3 = Om I 
Tc,Q,-, Om I 
Tc,Q, Im l 
From equation (9), T~ can be obtained as 
Tel =[Om 0m'''0m ~m] [QI 
=BXQ -1. 
(9) 
Equation (10b) directly follows from equation (3d) and Definition 2. Having evaluated Tc~, the 
remaining To, blocks can be recursively evaluated from equation (6a). It can be seen from equations 
(10) that if Q has full rank (=n) then a transformation T~ can be found. To show that T7 ~ always 
exists if the system is uniformly controllable with the controllability index r (=n/m, an integer), 
we consider AQ - ( ) .  From equations (2) 
AQ - ~ = [Q2Q3"'" Q,Q,+1]. (11) 
Q2...Q,-I Q,]-I (10a) 
(10b) 
474 L .S .  SmEH et al. 
Since the system is assumed to be uniformly controllable, Q-  ~ exists. Multiplying both sides of 
equation (11) from the left by Q-~, we get 
S = Q- ' (AQ - Q) = 
0 I 0 0s 1 Im ~ • • • m S~ 
• • . • 
0,, . . .  I~ 
where the last column of S results from Q- '  Q,+, • From equations (10), 
(12) 
Tcl= [0 m Om••'Om I,.]Q -~ = P~Q-'  (13a) 
Equations imilar to equation (13a) can be derived for other To,, with a general representation 
being, 
T~,+ =Pi÷~Q - l=(e~S+p, ) ,  i= l  . . . . .  r -1 .  (13b) 
Hence, 
where 
Tc = PQ - J (14a) 
p = [pT. . .  p r]T (14b) 
and each P~ is a m x n time-varying block vector. From equations (12) and (13a), it can be easily 





m " ' " 0m 
0m . . .  /~ 
I m " ' "  X 





The x terms in the P matrix are time-varying m x m block matrices• From the form of P, it is clear 
that it is non-singular for all t (determinant of P = 1). Hence, it can be concluded from equations 
(14) that Tc is non-singular for all t and therefore T ;  m exists• 
Theorem 1 
The linear time-varying system in system (1) can be transformed into the controllable companion 
form in equations (3) by the non-singular transformation Tc in equations (4) if and only if it is 
uniformly controllable (as in Definitions 1 and 2) with the controllability index r (=n/m,  an 
integer). 
3.  
The n x pn observability matrix ff'(t) of the system (1) is represented by [1, 9] 
ff'(t) = [Wt(t ) W2(t). • • W._,(t)  W,(t)], 
where 
and 
TRANSFORMATION TO THE OBSERVABLE BLOCK COMPANION FORM 
(16a) 
Wl(t) = CT(t) (16b) 
W~+t( t )=Ar ( t )Wi ( t )+ liVe(t), i = 1 . . . . .  n -- 1. (16c) 
Definition 3 [9] 
System (1) is uniformly observable on [to, if] if the rank of  the observability matrix B~(t) is n 
for all t in [to, t/]. 
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Definition 4 
The observability index q of the system (1) is defined to be the smallest positive integer such that 
rank ff'(t)= rank W(t)=n,  where W/(t) are as defined in equations (16) and W(t)= [Wt(t), 
W2(t) . . . . .  Wq_,(t), Wq(t)], q ~< n. 
Parallel to the derivations in Section 2, the following results can be obtained. 
Theorem 2 
The linear time-varying system described in system (1) can be transformed into the observable 






y(t) = Co(t)Xo(t), (17b) 
i, 
Ao(t) = ; 
o. 
op 
Bo(t) = [BT (t) 
Co(t) = [o~ o~ 
by the non-singular t ansformation 
where 
and 
0, . . .  0, 0, 
0p . . .  0, 0p 
0~ . . .  t~ 0, 
0~ . . .  0p /p 







B~(t) BT,(t)] ~ 
(17c) 
(17d) 
• .. Op Op /p], (17e) 
X(t )= To(t)Xo(t), (18a) 
To(t) = [Tol(t) To2(t) " "  To~_,(t) To,(t)],  
To,(t) = (Co(t)W-'(t)) x
(18b) 
(18c) 
Tok(t) = A(t)Tok_,(t)-  J'ok_,(t), k = 2 . . . . .  q, (18d) 
if and only if the given system is uniformly observable (as in Definitions 3 and 4) with the 
observability index q (= n/p, an integer). Note that the number of outputs p need not be equal to 
the number of inputs m. The relationship between the triplets (Ao(t), Bo(t), Co(t)) in equations (17) 
and (A(t), B(t), C(t)) in system (1) become 
and 
Ao(t)= Tf l ( t )A(t )To(t ) -Tf l ( t )2ho(t ) ,  
Bo(t)= Tf ' ( t )B(t )  
(19a) 
(19b) 
Co(t) = C(t)To(t). (19c) 
Using similar arguments as in Section 2, it can be easily shown that if system (1) is uniformly 
observable with the observability index q(=n/p, an integer), then a non-singular t ansformation 
To(t) and its inverse exist. 
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4. AN ILLUSTRATIVE EXAMPLE 
Consider a two-input two-output ime-varying system in system (1) with 
A ___ 
0 0 0 1 
1 0 0 -1  
-1  -e  -~ e -t 0 
0 0 1 0 
, B = (20a) 
and 
C- -  0 1 " 
This system is uniformly controllable and uniformly observable with the controllability index (r) 
and the observability index (q) equal to n/m = 2. The system can be transformed to a controllable 
block companion form in equations (3) using the transformation Tc given by 
1 0 0 0 ] 
e-'  1 -1  1 
To= 0 0 0 1 
2 -e  -t e -t 1 -e  -t -1  +e -t 
The transformed state equation is 
(21a) 
and 
• c-- (°0 °0) ('0 0) ( °° °°) ,~,b, 
(-~+o-'+e-~'-o-') ( l l ) ~+ ('0 Ol) U 
1 + 2e -2t - -e  - t  1 -- e -2t -- 1 + e -t 
=F( --2+e-2' l--e-"~ (I 2 l)]Xc. (2lc) 
Y kk -2+e- '+e -2' -e - ' /  
System (20) can also be transformed to an observable block companion form in equations (17) 
using the transformation To given by 
i1 ), To={l '~ 1 1 2 - W 1 1 -1  
1 - -1  1 
(22a) 
The transformed state ec 
X'o= 
uation becomes 




Y=[ (~ 00)(10 o,)] ~o. (22c) 
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5. CONCLUSIONS 
Non-singular transformations have been derived to transform a class of linear multivariable 
time-varying systems to a controllable and/or observable block companion form. It has been shown 
that such transformations exist if the system is uniformly controllable and/or observable with the 
controllability and/or observability index equal to n/m, an integer, and m is the number of inputs 
and/or outputs. The transformations Tc and To in equations (4) and (18), respectively, are similar 
to their time-invariant counterparts derived in Ref. [4] and the equations (5) and (19) reduce directly 
to the corresponding relations in Ref. [4] for the time-invariant case. 
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